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Abstract
In the heavy quark limit, hadrons appear as eigenstates of the light degrees
of freedom under the static color field of the heavy quark. In this formalism,
the weak form factors appear naturally as the overlaps of the initial and final
wavefunctions of the light degrees of freedom, and the Bjorken and Voloshin
sum rules are statements of conservation of probability and energy. Moreover,
parity conservation can lead to a sum rule which relates weak form factors
at different kinematic points. From this sum rule, model independent lower
bounds on Isgur–Wise form factors can be obtained analytically.
Typeset using REVTEX
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It has been realized that by taking the limit of QCD where the masses of heavy quarks
(mQ ≫ ΛQCD) go to infinity with their four-velocities fixed, new symmetries not manifest
in the full theory of QCD appear [1,2] . In this limit, a heavy quark is a static source of
color field which is independent of its mass and spin. It is exactly analogous to the situation
in atomic physics, where the nucleus is much heavier than the typical energy scale α2me.
Then the nucleus will just be a static source of the electric field, and the physics will be
independent of its mass and spin.
Just like the electron cloud have different eigenstates in the electric field of the nucleus,
the “brown muck” around a heavy quark will also have different eigenstates in the color field
of the heavy quark. Such eigenstates are, of course, the hadronic resonances. Although we
cannot solve QCD explicitly to predict the properties of these hadronic resonances, we can
make use of their completeness to construct sum rules relating different transition matrix
elements.
In this paper, we will follow this strategy and construct three different sum rules, which
correspond to the conversation laws of probability, energy and parity respectively. The first
one will be seen to be just the well-known Bjorken sum rule [3–5], while the second one
is closely related to the Voloshin sum rule [6]. Lastly, conservation of parity leads to a
new sum rule relating weak form factors at different kinematic points. From this sum rule,
model-independent lower bounds on Isgur–Wise form factors can be obtained analytically.
I. THE BJORKEN SUM RULE
To illustrate our formalism, we will consider heavy baryons containing a b quark as our
primary example. In this case, Λb is the ground state of the “brown muck” in the color field
of the b quark. When a b-quark in a Λb with velocity v decays into a c-quark with velocity
v′, all the “brown muck” notice is the change in velocity. The ground state |0〉 in the color
field of a heavy quark with velocity v is in general not an eigenstate of the color field of a
quark with a different velocity v′. In the special case of v = v′, however, the color field is
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unchanged and the “brown muck” stay in the same state. This gives the normalization of
the Isgur–Wise form factors at the point of zero recoil.
Denote the eigenstates of the “brown muck” in the color field of the charm quark with ve-
locity v′ by |n′〉, with |0′〉 the ground state Λc. The decay amplitudeM(Λb(v)→ X
n′
c (v
′)eν¯)
is proportional to the overlap of the initial and final states ϕn′(w) = 〈n
′|0〉, where w = v · v′
and the “brown muck” of Xn
′
c is in the state |n
′〉. This clearly hints that ϕn′(w) are closely
related to the weak form factors, and indeed it is the case. For example, consider the
baryonic Isgur-Wise form factor η(w), defined by
〈Λc(v
′, s′)|c¯Γb|Λb(v, s)〉 = η(w)u¯(v
′, s′)Γu(v, s). (1.1)
With |Λb(v, s)〉 = |b(v, s)〉 ⊗ |0〉 and |Λc(v
′, s′)〉 = |c(v′, s′)〉 ⊗ |0′〉, we have
〈Λc(v
′, s′)|c¯Γb|Λb(v, s)〉 = 〈0
′|0〉u¯(v′, s′)Γu(v, s)
= ϕ0′(w)u¯(v
′, s′)Γu(v, s), (1.2)
we immediately have
ϕ0′(w) = η(w). (1.3)
Weak form factor of excited baryons can also be obtained in a similar way. In particular,
for P -wave baryons ,
ϕn′(w) = (w + 1)
1/2σn
′
(w). (1.4)
Where σn
′
(w) is defined in Ref. [4]. In general, for a state with orbital angular momentum
l > 0, ϕn′(w) ∼ |v
′ − v|l ∼ (w − 1)l/2. For l = 0, ϕn′(w) ∼ (w − 1)
0 for the ground state
and ∼ (w − 1)1 for excited states. This determines the behavior of ϕ near the point of zero
recoil.
By completeness of |v′;n′〉 we have the sum rule
|ϕn′(w)|
2 =
∑
n′
〈0|n′〉〈n′|0〉 = 〈0|0〉 = 1, (1.5)
3
which states the conservation of probability. We will see that this is equivalent to the Bjorken
sum rule.
Traditionally [4,5], the Bjorken sum rule is based on consideration the four-point function
of b, b¯Γc, c¯Γb and b¯, where Γ = γµ(1 − γ5). The four-point function may be evaluated in
quark language by perturbative QCD, or in hadron language in the framework of heavy
quark symmetry. By duality the two results should be equal. Hence,
hb→c(w) =
∑
n′
hn
′
(w) (1.6)
where
hn
′
(w) =
∑
s′
〈Λb(v)|b¯Γc|X
n′
c (v
′, s′)〉〈Xn
′
c (v
′, s′)|c¯Γb|Λb(v)〉, (1.7)
where Xn
′
are multiplets in the heavy quark symmetry, and
hb→c(w) =
∑
s,s′
〈b(v, s)|b¯Γc|c(v′, s′)〉〈c(v′, s′)|c¯Γb|b(v, s)〉. (1.8)
Since the b¯Γc and c¯Γb in the definition of hn
′
act on heavy quarks but not on the light degrees
of freedom, we expect hn
′
can be factorized into contributions from the heavy quark sector
and those from the light degrees of freedom. The heavy quark sector will just reproduce
hb→c, while the contribution from the light degrees of freedom can be expressed in terms of
ϕn′. Hence we end up with
hn
′
(w) = hb→c(w)〈0|n′〉〈n′|0〉 = hQi→Qj(w)|ϕn′(w)|
2 (1.9)
After summation over all n′ and canceling the common factor of hQi→Qj off both sides of
Eq. (1.6), we end up with
1 =
∑
n′
|ϕn′(w)|
2 (1.10)
which is just Eq. (1.5) reproduced. Replacing ϕ’s with the weak form factor, the equation
becomes
1 = |η(w)|2 + (w2 − 1)
∑
q
|σ(q)(w)|2 +O2(w − 1), (1.11)
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which is just the usual Bjorken sum rule.
Expanding about the point of zero recoil, the Bjorken sum rule can be simplified to
ρ¯2 =
∑
q
|σ(q)(1)|2 (1.12)
where the charge radius ρ¯ of η(w) is defined by
η(w) = 1− ρ¯2(w − 1) + ... (1.13)
Similar analysis can be made for the meson sector. For a b-quark, the ground states
with sℓ =
1
2
are the B and B∗ mesons. The formulas are more complicated, however, as the
mesonic Isgur–Wise form factor ξ(w) is not exactly ϕ′0(w). In fact, it turns out that
|ϕ0′(w)|
2 =
(
w + 1
2
)
|ξ(w)|2. (1.14)
Putting ϕ0′(w) = 1 recovers the Bjorken–Suzuki upper bound of ξ(w) [3,7].
ξ(w) ≤
(
2
1 + w
)1/2
. (1.15)
For the P -wave excited mesons,
|ϕ(q)(1
2
+
;w)|2 = 2(w − 1)|τ
(q)
1/2(w)|
2, (1.16a)
|ϕ(r)(3
2
+
;w)|2 = (w − 1)(w + 1)2|τ
(r)
3/2(w)|
2. (1.16b)
where the τ ’s are defined in the Ref. [5]. In this case, Eq.(1.5) becomes
1 =
(
w + 1
2
)
|ξ(w)|2 + (w − 1)
[
2
∑
q
|τ
(q)
1/2(w)|
2 + (w + 1)2
∑
r
|τ
(r)
3/2(w)|
2
]
+O2(w − 1)
(1.17)
Defining the charge radius ρ of ξ(w) by
ξ(w) = 1− ρ2(w − 1) + ... (1.18)
and the Bjorken sum rule is simplified to
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ρ2 = 1
4
+
∑
q
|τ
(q)
1/2(1)|
2 + 2
∑
r
|τ
(r)
3/2(1)|
2. (1.19)
The extra 1
4
in Eq. (1.19) when compared to Eq. (1.12) is intriguing. In this formalism it
is clear that the 1
4
results from the “uncanonical” definition of ξ(w) [2]. If the factor of w+1
2
in Eq. (1.14) is absorbed into the definition of ξ(w), the equation will have the same form
as Eq. (1.3), and the 1
4
will not appear in the expansion.
II. THE VOLOSHIN SUM RULE
Returning to Eq. (1.5), it is noted that a more general sum rule holds for an arbitrary
operator X:
∑
n′
〈0|X|n′〉〈n′|0〉 = 〈0|X|0〉. (2.1)
In particular, if we put X = 11 in Eq. (2.1), Eq. (1.5) is recovered.
Another case of interest is when X = H ′ the Hamiltonian in the color field of a heavy
quark with velocity v′. Without loss of generality we choose the final velocity v′ = (1, 0).
Then En′ = ∆mn′ = mXn′c − mc are just the excitation energies of the resonances X
n′
c .
For the ground state, ∆m0 = Λ = mD − mc in the meson sector and Λ¯ = mΛc − mc in
the baryon sector. The right-handed side 〈0|H ′|0〉 is the energy expectation for a moving
ground state “brown muck” under the color field of a stationary heavy quark of velocity v′.
By dimensional analysis we know that
〈0|H ′|0〉 = ∆m0k(w), (2.2)
where k(w) is a kinematic factor which depends on w only. Hence the whole sum rule reads
as
∑
n′
∆mn′|ϕn′(w)|
2 = ∆m0k(w). (2.3)
The functional form of k(w) can be obtained in some definite scenarios. For example,
if we can regard H ′ as completely kinetic, then k(w) is just the Lorentzian boost factor γ,
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which is just w. A more realistic scenario sees H ′ with two parts: the mass of the “brown
muck” in v′ frame and the potential energy of the “brown muck” in the color field of a heavy
quark with velocity v′. If we ignore the quantum fluctuation of the color field, i.e, the heavy
quark is a classical, static source, we can choose the color potential of the heavy quark such
that
Aaµ(x) = A
a(r)v′µ. (2.4)
The potential energy is of the form
U =
∫
d3x jaµ(x)Aaµ(x), (2.5)
where jaµ(x) is the color current density of the “brown muck” and a being the SU(3) index.
By symmetry we have,
jaµ(x) = ja(r)vµ + tµ(r) (2.6)
where tµ(r), the component of jaµ(x) transverse to vµ, is radially symmetric. On integration,
this transverse term vanishes by radial symmetry, and
U = w
∫
d3x ja(r)Aa(r). (2.7)
Hence when the “brown muck” is boosted from v′ to v, the potential energy is increased
by just the Lorentzian factor w. Since the mass of the “brown muck” also increases by the
same factor under boost, we have 〈0|H ′|0〉 = 〈0′|H ′|0′〉w, i.e, k(w) = w if we assume the
color field of the heavy quark is purely classical. It is probable that the statement is still
valid if we take into account the effects due to quantum fluctuation, though the author has
not yet succeeded in proving it.
If we assume k(w) = w then Eq. (2.3) becomes
∑
n′
∆mn′ |ϕn′(w)|
2 = ∆m0w (2.8)
which can be recasted into
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∆m0(w − 1) =
∑
n′
(∆mn′ −∆m0)|ϕn′(w)|
2. (2.9)
The quantity En′ = ∆mn′ − ∆m0 is just the mass difference over the ground state. In
particular it is zero for n′ = 0, i.e, the term proportional to the Isgur–Wise form factors
vanishes.
For the meson sector, ∆m0′ = Λ = mB −mb. Substituting in the weak form factors, we
obtain
Λ(w − 1) =
∑
q
E
(q)
1/22(w − 1)|τ
(q)
1/2(1)|
2 +
∑
r
E
(r)
3/2(w − 1)(w + 1)
2|τ
(r)
3/2(1)|
2 +O2(w − 1).
(2.10)
Canceling (w − 1) off both sides, and putting w = 1, the sum rule becomes
Λ =
∑
q
2E
(q)
1/2|τ
(q)
1/2(1)|
2 +
∑
r
4E
(r)
3/2 (2.11)
which is just the Voloshin sum rule derived in Ref. [6]. On the other hand, in the baryonic
sector, ∆m0′ = Λ¯ = mΛb −mb, and the sum rule reads as
Λ¯ =
∑
q
2E
(q)
1 |σ
(q)(1)|2. (2.12)
The authors are not aware of any previous appearance of this sum rule in the literature,
except for Ref. [8], where this sum rule is obtained in the large Nc limit. In fact, the results of
Ref. [8] can be reproduced in our formalism by choosing a definite potential energy function,
namely the isotropic harmonic potential V (r) = 1
2
κr2.
III. THE PARITY SUM RULE
In this section, we will consider the case when we put X = P ′, the parity operator in the
v′ frame, into Eq. (2.1). The left-handed side becomes
∑
(−1)πn′ |ϕn′(w)|
2; where pin′ are the
intrinsic parities of |n′〉. P ′|0〉 up to a phase is a ground state “brown muck” in the color
field of a heavy quark with velocity v¯ = (w,−wv); hence the right-handed side of Eq. (2.1)
becomes 〈0|P ′|0〉 = (−1)π0′ϕ0′(W ), W = v · v¯. As result, Eq. (2.1) is simplified to
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∑
n′
(−1)πn′−π0′ |ϕn′(w)|
2 = ϕ0′(W ). (3.1)
This sum rule is remarkable in the sense that it relates form factors at two different kinematic
points, w and W .
Together with the Bjorken sum rule Eq.(1.5) we have
2
+∑
n′
|ϕn′(w)|
2 − 1 = ϕ0′(W ). (3.2)
The + above the summation means that the sum runs over the states with the same parity
as the ground states only. Denoting the contribution to the sum from excited states as R(w),
the sum rule reads
2ϕ20′(w)− 1 +R(w) = ϕ0′(W ). (3.3)
Since ϕ0′(w) is the Isgur–Wise form factors up to possibly a known kinematic factor, a bound
on R(w) may give a model-independent bound on the Isgur–Wise form factors.
Since R(w) is a sum of absolute squares, R(w) ≥ 0, and
2ϕ20′(w)− 1 ≤ ϕ0′(W ). (3.4)
We will change the independent variable from w to the “boost angle” α, which is related to
w by w = cosh(α). We will also change the dependent variable from ϕ0′(α) to f(α), which
is related to ϕ0′(α) by ϕ0′(α) = cos(f(α)α). This greatly simplifies the equation as
W = 2w2 − 1 = cosh(2α) (3.5)
and
2ϕ20′(α)− 1 = 2 cos
2(f(α)α)− 1 = cos(2f(α)α). (3.6)
Hence Eq. (3.4) becomes
cos(2f(α)α) ≤ cos(2f(2α)α). (3.7)
We expect ϕ0′ to be a decreasing function. Hence Eq. (3.7) implies
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f(α) ≥ f(2α). (3.8)
Since Isgur–Wise form factors are continuous, this simply states that f(α) is also a decreasing
function. Moreover, since ϕ0′ is expected to be nodeless and approaches zero as w → ∞
(α→∞), we have
f(α) ≤
pi
2α
; (3.9)
f(α)→
pi
2α
, α→∞. (3.10)
Finally, the boundary condition at w = 1 (α = 0) can be given in terms of the derivative of
the Isgur–Wise form factor at the point of zero recoil.
f(α = 0) = ρ¯. (3.11)
The unique maximal f(α) satisfying the conditions above is
fmax(α) =


ρ¯, α < π
2ρ¯
;
π
2α
, α > π
2ρ¯
.
(3.12)
Putting into the original form of ϕ0′(w), a model-independent lower bound for ϕ0′(w) can
be obtained.
ϕmin0′ (w) =


cos(ρ¯ cosh−1(w)), w < cosh(pi/2ρ¯);
0, w > cosh(pi/2ρ¯).
(3.13)
This is a lower bound for all possible forms of ϕ0′(w) with the same ρ¯.
Since η(w) = ϕ0′(w) in the baryon sector, the lower bound above can be applied to the
baryon case directly. Plots of ηmin(w) for different ρ¯ are shown in Fig. 1. This lower bound
rules out some particular forms of η(w) like the piecewise linear model
η(w) =


1− ρ¯2(w − 1), w < 1 + ρ¯−2;
0, w > 1 + ρ¯−2.
(3.14)
It is known that, in the large Nc limit, the baryonic Isgur–Wise form factor has an expo-
nential form [9,10],
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η(w) = exp(−ρ¯2(w − 1))
= 1− ρ¯2(w − 1) +
ρ¯4
2
(w − 1)2 + ...... (3.15)
while our lower bound, in a Taylor series, is
ηmin(w) = 1− ρ¯2(w − 1) + (
ρ¯2
6
+
ρ¯4
6
)(w − 1)2 + ...... (3.16)
In the large Nc limit, ρ¯
2 ∼ N3/2c is large, and the bound is satisfied.
On the other hand, the mesonic Isgur–Wise form factor ξ(w) is given by the slightly
more complicated Eq. (1.14). Hence, the lower bound for ξ(w) is
ξmin(w) =


( 2
1+w
)1/2 cos((ρ2 − 1
4
)1/2 cosh−1(w)), w < cosh(pi/2(ρ2 − 1
4
)1/2);
0, w > cosh(pi/2(ρ2 − 1
4
)1/2).
(3.17)
Plots of ξmin(w) for different ρ¯ are shown in Fig. 2.
Expanding in a Taylor series, we have
ξmin(w) = 1− ρ2(w − 1) + (
ρ2
3
+
ρ4
6
)(w − 1)2 + ...... (3.18)
When compared with the ISGW [11], BSW [12–14] and pole [2] parametrizations of the
mesonic Isgur–Wise form factor,
ξISGW(w) = exp(−ρ
2
ISGW(w − 1))
= 1− ρ2ISGW(w − 1) +
ρ4ISGW
2
(w − 1)2 + ......, (3.19)
ξBSW(w) =
2
w + 1
exp
(
(1− 2ρ2BSW)
w − 1
w + 1
)
= 1− ρ2BSW(w − 1) + (−
1
4
+
ρ2BSW
2
+
ρ4BSW
8
)(w − 1)2 + ...... (3.20)
ξpole(w) =
(
2
w + 1
)2ρpole
= 1− ρ2pole(w − 1) + (
ρ2pole
4
+
ρ4pole
2
)(w − 1)2 + ...... (3.21)
We found that, in order to satisfy the lower bound, we must have ρISGW ≥ 1 and ρpole ≥ 0.5.
ξBSW, on the other hand, does not satisfy the bound for all values of ρBSW.
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Last of all, it’s also worth mentioning once more that the Bjorken–Suzuki upper bound
of ξ(w), which is given in Eq. (1.15), can be recovered by putting the obvious inequality
ϕ0′(w) ≤ 1 into Eq. (1.14). The counterpart of this upper bound in the baryon sector is the
trivial statement η(w) ≤ 1.
In the paper, we have discussed the Bjorken, Voloshin, and parity sum rules within the
same framework. This is not meant to be a rigorous derivation (as in Ref. [4–6]) but just an
intuitive picture making the relationship between the sum rules and the conservation laws
behind them more transparent. We have treated the case for heavy mesons and the ΛQ-type
baryons, but similar analysis can be made in the ΣQ-type baryon sector [10,15] as well.
I must thank Mark Wise for bringing the Bjorken sum rule to my attention, and Ming
Lu for the Voloshin sum rule. This work was supported in part by the U.S. Dept. of Energy
under Grant No. DE-FG03-92-ER 40701.
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FIGURES
FIG. 1. ηmin(w) for different values of ρ¯. From top to bottom ρ¯2 = 0.25, 0.50, 0.75, 1.00, 1.25
and 1.50.
FIG. 2. ξmin(w) for different values of ρ. From top to bottom ρ2 = 0.25, 0.50, 0.75, 1.00, 1.25
and 1.50.
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